
Chapter 2
Ohmic Heating Phenomena

Abstract The current chapter considers two main applications associated with
Ohmic heating phenomena. Initially we deal with an application from food industry,
building up two one-dimensional non-local problems illustrating the evolution of
the temperature of the sterilized food. The former model consists of a diffusion-
convection equation while the latter of a convection equation with non-local convec-
tion velocity. Both of these non-local models are investigated in terms of their stabil-
ity and the occurrence of finite-time blow-up, where the latter in the current context
indicates food burning. Different approaches should be followed though depending
on the monotonicity of the nonlinearity appearing in the non-local term, since no
maximum principle is available for the non-local parabolic problem when this non-
linearity is increasing. The second part of the chapter is devoted to the study of a
non-local parabolicmodel illustrating the operation of the thermistor device.Notably,
conditions under which finite-time blow-up, which here indicates the destruction of
the thermistor device, occurs are investigated by using both energy and comparison
methods.

2.1 Ohmic Heating of Foods

2.1.1 Derivation of the Basic Model and Its Variations

One of the methods developed in recent years for sterilizing food is to heat it rapidly
by means of an electric current. The food is passed through a conduit, part of which
lies between two electrodes. A high electric current flowing between the electrodes
results in Ohmic heating of the food which quickly gets hot. We next present the
derivation of the mathematical model describing the above process. A more detailed
background on this type of process can be found in [8, 12, 16, 38, 41, 44].

The electric potential ϕ and the current density
−→
j are related by Ohm’s law,

−→
j = −σ∇ϕ,
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66 2 Ohmic Heating Phenomena

where σ is the electrical conductivity, which is assumed to vary with temperature.
Then for conservation of charge, we have

∇ · (σ∇ϕ) = 0, (2.1)

where it is assumed that on electro-magnetic time scales the situation is only slowly
varying and the change density is small.

For food (or other substance) with density ρ, specific heat c, and velocity −→v , all
assumed constant here, the temperature T satisfies

ρc

[
∂T

∂t
+ −→v · ∇T

]
= ∇ · (k∇T ) + σ |∇ϕ|2 . (2.2)

Here, k is the thermal conductivity and the last term on the right hand side of (2.2)
represents Ohmic heating. This model can be additionally simplified on assuming
the following:

• (i) the thermal conductivity is constant independent on the temperature T ;
• (i i) the food enters the heater with a temperature T0 independent of its position
along the channel;

• (i i i) end effects for the problem can be neglected so that the potential is 0 at the
start of the heater, z = 0, and V (t) at the far (down-steam) end, z = L .

Here, z is the distance along the channel (i.e. in the direction of −→v ) which has
parallel sides and owing assumptions (i) − (i i) we then derive that the potential and
temperature only vary with z and time t and satisfy the system

∂

∂z

(
σ

∂ϕ

∂z

)
= 0 , 0 < z < L , t > 0, (2.3)

ρc

(
∂T

∂t
+ v

∂T

∂z

)
= k

∂2T

∂z2
+ σ

(
∂ϕ

∂z

)2

, 0 < z < L , t > 0, (2.4)

ϕ = 0 , T = T0 , z = 0 ; ϕ = V , z = L . (2.5)

Also, V is known if the potential difference across the device is specified (but
has to be determined if the process is controlled in some other way). Equation (2.3)
is integrated to give,

σ
∂ϕ

∂z
= J (t) , so V = J

∫ L

0

dz

σ
,

where J is the electric current density (along the channel) and finally (2.4) is trans-
formed to

∂T

∂t
+ v

∂T

∂z
= k

ρc

∂2T

∂z2
+ J 2

ρcσ
= k

ρc

∂2T

∂z2
+
(

V 2

ρc

)(
1

σ

)(∫ L

0

1

σ
dz

)−2

.
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This is a variant of the non-local parabolic problem considered in [10, 29, 30]; heat
transport is now happening both by convection and conduction.

It is convenient to scale the distance with the length of channel and the time to
make the convective velocity 1. Additionally this scaling changes the temperature
variable so that it becomes 0 at the inlet and its derivative becomes zero at the outlet,
i.e. the right hand side of the device is thermally insulated. Then the dimensionless
temperature u satisfies the following conduction-convection problem [22],

ut + ux = uxx + λ f (u)(∫ 1
0 f (u) dx

)2 , 0 < x < 1 , t > 0 , (2.6)

u (0, t) = ux (1, t) = 0 , t > 0 , (2.7)

u (x; 0) = u0 (x) , 0 < x < 1 , (2.8)

with f > 0 being the dimensionless electrical reactivity
(
∝ 1

σ

)
. The parameter

λ > 0 canbe identifiedwith (the square of) applied potential difference; on occasions
we shall absorb λ into f .

If the heater is part of a circuit, so that it is connected in series with a constant
resistance, and a fixed EMF (Electromotive Force) is applied across the two, then
the scaled non-local equation is replaced by

ut + ux = uxx + λ f (u)[
a + b

∫ 1
0 f (u) dx

]2 , 0 < x < 1 , t > 0 , (2.9)

where a, b > 0.
When the heating of the food is rapid, heat diffusion both in the direction of flow

and normal to it can be neglected, i.e. 0 < k � 1, as suggested in [36]. Following
then the same steps as above, we end up with the model [31],

ut + ux = λ f (u)(∫ 1
0 f (u) dx

)2 , 0 < x < 1 , t > 0 , (2.10)

u (0, t) = 0 , t > 0 , (2.11)

u (x; 0) = u0 (x) , 0 < x < 1 , (2.12)

which is a non-local hyperbolic model.
If it is assumed that the density ρ and the velocity−→v of the food vary significantly

with temperature T , then one has to take the change of mass of the food into account
as well, so additionally to system (2.1)–(2.2) we have the equation

∂ρ

∂t
+ ∇ · (ρ−→v ) = 0, (2.13)

expressing the conservation of mass.
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Under assumptions (i) − (i i i) and for a rapid food heating, system (2.1), (2.2)
and (2.13) is then reduced to

∂

∂x

(
σ

∂ϕ

∂x

)
= 0, 0 < x < L , t > 0, (2.14)

ρ
∂T

∂t
+ ρ v

∂T

∂x
= σ

(
∂ϕ

∂x

)2

, 0 < x < L , t > 0, (2.15)

∂ρ

∂t
+ ∂(ρv)

∂x
= 0, 0 < x < L , t > 0. (2.16)

We integrate (2.14) to derive

ρ
∂T

∂t
+ ρv

∂T

∂x
= I 2

σ
= V 2

σ

(∫ 1

0

dx

σ

)−2

, (2.17)

and then integrating (2.16) and substituting ρ back to (2.17) we deduce after proper
scaling that the dimensionless temperature u satisfies the following hyperbolic non-
local problem

ρ(u)ut +
(
1 −

∫ x

0
ρ′(u)ut dy

)
ux = λ f (u)(∫ 1

0
f (u)dx

)2 , 0 < x < 1, t > 0, (2.18)

u (0, t) = 0 , t > 0 , (2.19)

u (x; 0) = u0 (x) , 0 < x < 1 , (2.20)

where now λ = V 2, see also [24]. Obviously problem (2.18)–(2.20) reduces to
(2.10)–(2.12) when ρ is constant.

Remarkably, non-local equations similar to (2.6) arise in various applications
including the shear banding formation in metals being deformed under high strain
rates, [1, 2], the investigation of the fully turbulent behavior of real flows, using
invariantmeasures for the Euler equation, [3], tomention a few of them.Additionally,
for the case of high strained metals and when there is lack of knowledge of certain
physical parameters of the system, thenwe end up, [20], with the following stochastic
system

∂u

∂t
= Δu + λ eu(∫

D eu dx
)p + σ(u) ∂t W (x, t), in DT := D × (0, T ), (2.21)

u(x, t) = 0, o ∂ D × (0, T ), (2.22)

u(x, 0) = ξ(x), in D, (2.23)

for a bounded domain D ∈ R
N , N ≥ 1 and 0 < p ≤ 1. Here W (x, t) is a

Wiener process and the multiplicative noise σ(u) ∂t W (x, t) encapsulates the present
uncertainty in the system. In the current manuscript, only the deterministic version,
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i.e. when σ(u) ≡ 0, of (2.21)–(2.23) is investigated, however the interested reader
is referred to [20] for the inspection of the finite-time blow-up (occurrence of shear
banding formation) of the stochastic problem (2.21)–(2.23).

2.1.2 Local Existence and Monotonicity

2.1.2.1 Parabolic Case

The well-possedeness of problem (2.6)–(2.8) can be obtained by using a Picard type
argument. In particular, by {un}∞n=1 satisfying

un
t + un

x = un
xx + λun−1

(∫ 1
0 f (un−1)dx

)2 , 0 < x < 1 , t > 0 ,

un (0, t) = un
x (1, t) = 0 , t > 0 ,

un (x; 0) = u0 (x) , 0 < x < 1 ,

we can easily prove the following

Theorem 2.1 Fix λ > 0 and take f strictly positive satisfying a Lipschitz condition
in the interval (α, β) where

α < min

{
0, inf

(0,1)
u0(x)

}
and β > max

{
0, sup

(0,1)
u0(x)

}
.

Assume also that u0 ∈ L∞ (0, 1) then there exists T > 0 such that problem (2.6)–
(2.8) has a unique (classical) solution in [0, 1] × [0, T ].

For a proof of Theorem 2.1 see [18].

Remark 2.1.1 The (unique) solution provided by Theorem 2.1 continues to exist as
long as it remains less than or equal to β. This argument implies that u ceases to exist
only by blow-up; that is, there exists a sequence (xn, tn) → (x∗, t∗) with t∗ ≤ ∞
such that u(xn, tn) → ∞ as n → ∞.

For the study of the long-time behavior of the solutions to problem (2.6)–(2.8)
we will need the concept of lower and upper solutions.

Definition 2.1.2 A function u is an upper solution to problem (2.6)–(2.8) if it satis-
fies
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ut + ux ≥ uxx + λ f (u)(∫ 1

0
f (u) dx

)2 , 0 < x < 1, t > 0,

u(x, t) ≥ u(x, t), x = 0, 1, t > 0,

u(x, 0) ≥ u(x, 0), 0 < x < 1,

whereas a lower solution u to (2.6)–(2.8) satisfies the above inequalities but reversed,
i.e.

ut + ux ≤ uxx + λ f (u)(∫ 1

0
f (u) dx

)2 , 0 < x < 1, t > 0,

u(x, t) ≤ u(x, t), x = 0, 1, t > 0,

u(x, 0) ≤ u(x, 0), 0 < x < 1.

An importance observation is that if f is a decreasing function then we may
use comparison methods, i.e. upper and lower solutions of problem (2.6)–(2.8) are
ordered.

Indeed, if we define v(x, t) := u(x, t) − u(x, t), by continuity there exists a time
T > 0 such that v ≥ 0 for 0 ≤ t < T and

vt + vx ≥ vxx + I (s, u) v , (x, t) ∈ QT := (0, 1) × (0, T ),

v(x, t) ≥ 0 , x = 0, 1 , 0 < t < T , v(x, 0) ≥ 0, 0 < x < 1,

where

I (s, u) := λ f ′(s)(∫ 1

0
f (u) dx

)2 ,

is bounded for any s ∈ (u, u). The latter, by the maximum principle, implies that
v = u − u ≥ 0 for 0 ≤ t ≤ T , see also [29].

This gives an alternative proof for the existence of a local-in-time solution u of
problem (2.6)–(2.8) which lies in (u, u) under the monotonicity of f , [35, 39], and
the monotonicity of f as well as the ordering of lower and upper solutions.

When f is increasing, however, the maximum principle is not applicable [29, 37].
Then upper and lower solutions are not necessarily ordered. Therefore, some new
type of comparison functions should be defined, see also Chap.1.

Definition 2.1.3 A pair of functions v, z ∈ C2,1(QT ) ∩ C(QT ) is called a lower-
upper solution pair of (2.6)–(2.8), if v(x, t) ≤ z(x, t) for (x, t) ∈ QT , v(x, 0) ≤
u0(x) ≤ z(x, 0) in [0, 1], v(x, t) ≤ 0 ≤ z(x, t) for x = 0, 1, 0 < t < T, and

http://dx.doi.org/10.1007/978-3-319-67944-0_1
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vt + vx ≤ vxx + λ f (v)(∫ 1

0
f (z) dx

)2 in QT ,

zt + zx ≥ zxx + λ f (z)(∫ 1

0
f (v) dx

)2 in QT .

If the above inequalities are strict, then (v, z) is called a strict lower-upper solution
pair.

Then we can prove local-in-time existence of the solution by similar arguments
to Proposition 1.2.2.

2.1.2.2 Hyperbolic Case

Notably local-in-time existence for the hyperbolic problems (2.10)–(2.12) and
(2.18)–(2.20) can be established through the theory of characteristic curves and
applying a Picard type approach. In the following we focus only to the more general
problem (2.18)–(2.20).

The characteristics of (2.18)–(2.20) are given as a solution of the following system
of ordinary differential equations

dt

dτ
= ρ(u), (2.24)

dx

dτ
= 1 −

∫ x

0
ρ ′(u)ut dy, (2.25)

du

dτ
= λ f (u)

(
∫ 1
0 f (u) dx)2

. (2.26)

Although discontinuities of u0 or a mismatch between u0 and the boundary condition
give rise to irregular behavior of u, these are simply propagated along the charac-
teristics and allow the existence of a (local) weak solution. So, in the following we
will generally be thinking of u0 being continuous (and normally, but not always,
differentiable) with u0(0) = 0.

Now if f is a Lipschitz continuous function and ρ ∈ C1(0,∞), then the iteration
argument implies the existence of a solution to (2.24)–(2.26); also nonexistence
can only come about through blow-up with u becoming infinite after some finite
time t∗, see [24]. Especially, (2.24) and (2.26), together with the iteration argument
imply, since ρ ∈ C1(0,∞), that ut is bounded as far as u is bounded. Using the same
arguments it is proved that ux becomes unbounded onlywhen u becomes unbounded.

Although (2.18)–(2.20) is a hyperbolic problem in the casewhere f is a decreasing
function, more information can be gained by a comparison result. In fact, if f is a

http://dx.doi.org/10.1007/978-3-319-67944-0_1
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decreasing and Lipschitz continuous function, then 0 ≤ f (β) − f (α) ≤ K (α −
β), where β ≤ α ≤ M, M > sup(0,1) u0(x) for some positive constant K ≡
K (M). Then a lower solution u and a solution u to problem (2.18)–(2.20) satisfy the

inequality
dv

dτ
≤ λ f (0)

f 2(M)
on a characteristic curve as long as they lie under M . So

u ≤ M and u ≤ M while

τ ≤ (M − sup u0) f 2(M)

λ f (0)
.

Considering now v0 = u, it can be defined iteratively {vn} for n ≥ 1 by

dvn

dτ
+ λK

f 2(M)
vn = λ f (vn−1)(∫ 1

0
f (vn−1)dx

)2 + λK

f 2(M)
vn−1, (2.27)

with vn = u0 at τ = 0 and vn = 0 for x = 0.
Problem (2.27) has a unique solution since is linear andmore precisely there holds

vn ≤ M for τ ≤ T ≡ (M − sup u0) f 2(M)/λ( f (0) + K M) ≤ T1; note also that
dv1
dτ

+ λK

f 2(M)
v1 = λ f (v0)(∫ 1

0
f (v0)dx

)2 + λK

f 2(M)
v0 ≥ dv0

dτ
+ λK

f 2(M)
v0,

since v0 = u is a lower solution to Eq. (2.26) and v1 ≥ v0 for τ = 0, x = 0; thus
v1 ≥ v0 for 0 ≤ τ ≤ T1 (0 ≤ x ≤ 1) and some T1 > 0.

Moreover,

dv1
dτ

− λ f (v1)(∫ 1
0 f (v1)dx

)2 =
λ f (v1)

∫ 1

0
( f (v1) + f (v0))dx

∫ 1

0
( f (v1) − f (v0))dx

(∫ 1

0
f (v1)dx

)2 (∫ 1

0
f (v0)dx

)2

+ λ( f (v0) − f (v1))(∫ 1

0
f (v0)dx

)2 + λK

f 2(M)
(v0 − v1)

≤
λ f (v1)

∫ 1

0
( f (v1) + f (v0))dx

∫ 1

0
( f (v1) − f (v0))dx

(∫ 1

0
f (v1)dx

)2 (∫ 1

0
f (v0)dx

)2

+ λK (v0 − v1)

⎛
⎜⎝ 1

f 2(M)
− 1(∫ 1

0 f (v0)dx
)2
⎞
⎟⎠ ≤ 0,



2.1 Ohmic Heating of Foods 73

provided that f is Lipschitz continuous and decreasing. It follows, inductively, that
u = v0 ≤ v1 ≤ v2 ≤ . . . ≤ vn ≤ . . . ≤ M and so vn → u ≥ u for some
solution u ≤ M and 0 ≤ τ ≤ T . The uniqueness of the solution for τ ∈ [0, T ]
is proved similarly. Supposing that there exist two solutions u1, u2 in [0, T ] then
0 ≤ u1, u2 ≤ M and using the Lipschitz continuity of f we get

∣∣∣∣ d

dτ
(u1 − u2)

∣∣∣∣ ≤
λ f (u1)

∫ 1

0
( f (u1) + f (u2))dx

∫ 1

0
| f (u1) − f (u2)|dx

(∫ 1

0
f (u1)dx

)2 (∫ 1

0
f (u2)dx

)2

+ λ| f (u1) − f (u2)|(∫ 1

0
f (u2)dx

)2 ≤ Λ|u1 − u2|, (2.28)

where Λ = (2λ f 2(0) + λ f 2(M))K/ f 4(M). Since for 0 ≤ τ ≤ T there holds
|u1 − u2| ≤ M due to (2.28) we get |u1 − u2| ≤ Λ M T and inductively we obtain
|u1 − u2| ≤ M(ΛT )n

n! → 0 as n → ∞ resulting in u1 ≡ u2.
Using the same arguments but now starting at τ = T we deduce that u ≥ u as long

as they both exist. The proof that u ≤ u, if u is an upper solution to (2.18)–(2.20), is
similar.

2.1.3 Stationary Problem

The key point for the study of the long-time behavior of problems (2.6)–(2.8) and
(2.18)–(2.20) is the study of the corresponding stationary problems. Henceforth, we
assume that function f satisfies

f (s) > 0 , f ′(s) < 0 s ≥ 0. (2.29)

2.1.3.1 Parabolic Case

The corresponding steady-state problem to (2.6)–(2.8) is

w′′ − w′ + μ f (w) = 0, 0 < x < 1, (2.30)

w(0) = w′(1) = 0, (2.31)

where

μ = λ(∫ 1
0 f (w) dx

)2 , (2.32)
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is a positive local parameter (λ is the non-local one). Problem (2.30)–(2.31) has a
unique solution for every μ > 0, since f satisfies (2.29) (by using monotone type
arguments), [5, 9, 34], and Lemma 2.1.5 holds, see below.

Here, due to the convection term, the steady problem is not symmetric, in contrast
with the pure diffusion problem, [30]. In the sequel we shall investigate the spectrum
of (2.30)–(2.31).

Integrating (2.30) over (0, 1) we obtain

w′(0) + M = μ

∫ 1

0
f (w)dx,

and by virtue of (2.32) we finally derive

λ(M) = (w′(0) + M)2

μ
, (2.33)

where M = ||w||∞ = w(1).
Also multiplying (2.30) by w′ and integrating we obtain

(w′(0))2

μ
= 2

[∫ M

0
f (s) ds − 1

μ

∫ 1

0
(w′(x))2 dx

]
≤ 2

∫ M

0
f (s) ds. (2.34)

We now have:

Lemma 2.1.4 If
∫∞
0 f (s) ds < ∞ then (w′(0))2

μ
→ 2I∞ as μ → ∞ where

I∞ = ∫∞
0 f (s) ds.

Proof We first consider the auxiliary problem:

z′′(x) + μg(z(x)) = 0, 0 < x < 1 − δ, (2.35)

z(x) = sup
x

w(x) = M, z′(x) = 0 for 1 − δ ≤ x ≤ 1 (2.36)

z(0) = 0, (2.37)

where 0 < g(s) < f (s), and z, z′, are continuous at the point x = 1 − δ.
Now,multiplying (2.35) by z′ and integrating over the interval (0, 1−δ)we obtain

(z′(x))2 = 2μ
∫ M

z(x)

g(s) ds = 2μ[G(z) − G(M)], (2.38)

where G(z) = ∫∞
z g(s) ds. Since z′(x) > 0 in [0, 1 − δ), then (2.38) entails

∫ M

0
[G(z) − G(M)]−1/2 dz = (1 − δ)

√
2μ. (2.39)
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We next prove that the solution of problem (2.35)–(2.37) is a lower solution to
problem (2.30)–(2.31). Indeed,

z′′(x) − z′(x) + μ f (z) = μ f (z) > 0 for 1 − δ ≤ x ≤ 1.

Also taking into account (2.35)–(2.39),

z′′ − z′ + μ f (z) = z′ + μ( f (z) − g(z))

= −√2μ [G(z) − G(M)]1/2 + μ( f (z) − g(z)) for 0 < x < 1 − δ.

(2.40)

Now choosing μ such that

μ ≥ μ0 = sup
x∈(0,M)

2[G(z) − G(M)]
[ f (z) − g(z)]2 , (2.41)

and δ < 1, relations (2.40), (2.41) imply

z′′ − z′ + μ f (z) > 0 for 0 < x < 1 − δ,

In addition z(0) = z′(1) = w(0) = w′(1) = 0, and thus z is a lower solution problem
(2.30)–(2.31). Therefore

z(x) ≤ w(x) for 0 < x ≤ 1 and 0 < z′(0) ≤ w′(0). (2.42)

Now we choose:

(a) g, such that 0 < g(s) < f (s) and I∞ − ε ≤ G(0) = ∫∞
0 g(s) ds < I∞,

(b) M such that [G(0) − G(M)] > I∞ − 2ε for ε > 0,
(c) μ to satisfy (2.41).

Note that since G ′(z) = −g(z) < 0 and we have G(0) ≤ I∞ and then by virtue of
(2.34), (2.38) and (2.42) we obtain

2I∞ >
(w′(0))2

μ
≥ (z′(0))2

μ
= 2[G(0) − G(M)] > 2(I∞ − 2ε), for any ε > 0,

which implies the desired result. �

Also, by adapting some ideas from [9], we can prove following:

Lemma 2.1.5 If w is the solution to (2.30)–(2.31) and
∫∞
0 f (s) ds < ∞ then

w(x;μ) → ∞ as μ → ∞ for every x in (0, 1].
Proof We first prove that Φ(μ) = ∫ 1

0 f (w(x;μ)) dx → 0 as μ → ∞. To this end
we construct a lower solution of (2.30)–(2.31) of the form z = βφ1 for some β > 0
where φ1 is the principal eigenfunction of
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−φ′′ + φ′ = λφ, 0 < x < 1, (2.43)

φ(0) = φ′(1) = 0. (2.44)

It is known that λ1 > 0 andφ1 > 0, alsowe normalizeφ1 by taking ||φ1||∞ = 1. Now
on choosing β to satisfy λ1β

f (β)
≤ μ, βφ1 becomes a lower solution of (2.30)–(2.31).

Thus, it is sufficient to choose β

f (β)
= μ

λ1
.

This choice of β is unique for each μ > 0. Indeed L (β) := λ1β

f (β)
is one to one

since L ′(β) > 0 and maps R+ onto R+ since L ((0,∞)) = (0,∞). Finally L is
a diffeomorphism, hence to each μ corresponds a unique β(μ)φ1 which is a lower
solution to (2.30)–(2.31).

Therefore we obtain that

Φ(μ) =
∫ 1

0
f (w(x;μ)) dx ≤

∫ 1

0
f (β(μ)φ1(x)) dx → 0 as μ → ∞.

The last limit implies that w(x;μ) → ∞ as μ → ∞ for 0 < x ≤ 1, otherwise
we could find an x0 so that w(x;μ) < ∞ in (0, x0), but this would imply that
limμ→∞ Φ(μ) > 0, contradicting that Φ(μ) → 0 as μ → ∞. �

An immediate consequence of Lemma 2.1.5 is that M = w(1) → ∞ as μ → ∞.
Furthermore, by using maximum principle to problem (2.30)–(2.31) we obtain the
response local diagram, see Fig. 2.1d.

Now, multiplying (2.30) by w′ − w, we obtain

(w′(0))2

μ
= 2

[∫ M

0
f (s) ds −

∫ 1

0
f (w)w dx

]
+ M2

μ
. (2.45)

In addition we have

∫ 1

0
f (w)w dx = f (w(ξ ;μ))w(ξ ;μ), ξ ∈ (0, 1), (2.46)

and hence we derive

∫ 1

0
f (w)w dx → 0 as μ → ∞ , (2.47)

by virtue of Lemma 2.1.5, taking also into account that f is decreasing.
Also by virtue of (2.45) we obtain, by taking the limit as μ → ∞,

M2

μ
→ 0. (2.48)

Henceforth, for convenience we normalize the integral
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∫ ∞

0
f (s) ds = I∞ = 1. (2.49)

Now we have the following:

Proposition 2.1.6 If (2.49) holds then λ(M) → 2 as M → ∞ (or equivalently as
μ → ∞).

The proof is an immediate consequence of (2.33), (2.48) and Lemma 2.1.4.
We now consider the complementary case where

∫ ∞

0
f (s) ds = ∞. (2.50)

Proposition 2.1.7 Let f satisfy (2.50) and w be the solution of (2.30)–(2.31). Then

(w′(0))2

μ
→ ∞ as μ → ∞ and λ(M) → ∞ as M → ∞.

Proof Let z satisfy

z′′(x) + μg(z(x)) = 0, 0 < x < 1 − δ, (2.51)

z(x) = M, z′(x) = 0, 1 − δ ≤ x ≤ 1, z(0) = 0. (2.52)

It is easily proved that z is a lower solution of (2.30)–(2.31) provided that

(a) 0 < g(s) < f (s) , g′(s) < 0 and
∫ ∞

0
g(s) ds = ∞, for instance g can be

taken as g(s) = γ f (s), 0 < γ < 1,
(b) μ ≥ μ0 = supz∈(0,M){[2

∫ M
z g(s) ds]/[ f (z) − g(z)]2},

thus we obtain:

(w′(0))2

μ
≥ (z′(0))2

μ
= 2

∫ M

0
g(s) ds → ∞,

as μ → ∞.
Hence

λ(M) = (w′(0) + M)2

μ
≥ (w′(0))2

μ
→ ∞ as M → ∞.

�

From the above analysis we can obtain the main possible response diagrams, see
Fig. 2.1. It is possible, see Fig. 2.1b, to have more than one turning points. This can
occur even in the cases of Fig. 2.1a, c, see also [34, 42].
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(a) (b)

(c) (d)

Fig. 2.1 λ, μ - diagrams represent the non-local, local response diagrams respectively of problem
(2.30)–(2.31). (i) (a), (b) for the case

∫∞
0 f (s) ds = 1 and (ii) (c) for the case

∫∞
0 f (s) ds = ∞

where M = w(1)

Remark 2.1 Solutions of the steady-state problem (2.30)–(2.31) for small values
of the parameter λ can be constructed via monotone iteration techniques for both
decreasing and increasing nonlinear functions f , see [1].

2.1.3.2 Hyperbolic Case

The steady-state problem to (2.18)–(2.20), which actually coincides with the one of
(2.10)–(2.12), is

w′ = μ f (w), 0 < x < 1, w(0) = 0, (2.53)

where again μ = λ(∫ 1
0 f (w)dx

)2 is referred to as the local parameter while λ as the

non-local one.
Equation (2.53) can be written

dw

f (w)
= μ dx, 0 < x < 1, (2.54)

from which by integration over (0, 1) we obtain
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Fig. 2.2 The local response
diagram to (2.53), where
M(μ) = w(1; μ) = w(1)

μ = μ(M) =
∫ M

0

ds

f (s)
, M = ||w||∞ = w(1). (2.55)

The latter implies that μ′(M) = 1
f (M)

> 0 leading to the response diagram

appearing in Fig. 2.2. Also by integration of (2.53) over (0, 1) we get λ = M2/μ

and so λ = λ(M) = M2/
∫ M
0

ds
f (s) . Since limM→∞ λ(M) = 2 limM→∞ M f (M), we

distinguish two cases:

(i)
∫∞
0 f (s)ds < ∞, then M f (M) ≤ 2

∫ M
M/2 f (s) ds → 0 as M → ∞, and so

there exists a λ∗ such that for 0 < λ < λ∗ problem (2.53) has at least two
steady-state solutions while for λ > λ∗ there is no steady-state solution, see
Fig. 2.3c.

(ii)
∫∞
0 f (s)ds = ∞, if limM→∞ M f (M) exists then two things might happen.
Either M f (M) → c, 0 < c < ∞ as M → ∞ and so the spectrum to (2.53)
is bounded, see Fig. 2.3b, or M f (M) → ∞ as M → ∞ and (2.53) has at least
one steady state for any λ > 0 (λ∗ = ∞ , see Fig. 2.3a).

Moreover, if μ(M) = ∫ M
0

ds
f (s) > M/2 f (M) for M > 0, then

λ′(M) = M

μ(M)

[
2μ(M) − M

f (M)

]
> 0,

and thus there is a unique steady state to each 0 < λ < λ∗.From the above analysiswe
get the possible non-local response diagrams of Fig. 2.3. Each diagram may contain
more turning points than shown (so that for some λ there are more solutions).

2.1.4 Stability

2.1.4.1 Parabolic Case

We now study the stability of the steady solutions, for 0 < λ ≤ λ∗ < ∞ if∫ ∞

0
f (s) ds < ∞ or for any λ > 0 if

∫ ∞

0
f (s) ds = ∞, by using comparison

methods, see also [22].
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Fig. 2.3 Possible non-local response diagrams to (2.53). (a) M f (M) → ∞ as M → ∞, (b)
M f (M) → c, 0 < c < ∞ as M → ∞, (c) M f (M) → 0 as M → ∞, where M = w(1)

In particular, we construct an upper solution U (x, t) = w(x;μ(t)) decreasing
in time, and a lower solution z(x, t) = w(x;μ(t)) increasing in time, of problem
(2.6)–(2.8). Both μ and μ satisfy the following initial value problem:

ν̇ = h(ν) ≡ inf
x∈(0,1)

{
f (w)

wν

}
λ − λ(ν)(∫ 1

0
f (w) dx

)2 , ν(0) = ν0 , (2.56)

where w = w(x; ν(t)) is the solution of (2.30)–(2.31) with μ = ν(t). Furthermore,
w = w(x;μ) is the unique solution of problem (2.30)–(2.31), where (ν, M) =
(ν(t), M(t)) is a point on the graph indicated in Fig. 2.1d. The wν−problem is derived
by differentiating (2.30)–(2.31) with respect to μ and substituting ν for μ.
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The existence of w = w(x; ν(t)) is a consequence of the fact that to each t > 0
there corresponds μ so that μ = ν(t) is continuous and maps R+ onto [ν0,∞).
Moreover, the continuity of the function h(ν) and the form of diagrams in Fig. 2.1
imply the existence and uniqueness of the solution ν = ν(t) of (2.56), see also [11].

The function ν = ν(t) is global-in-time since ν is bounded: μ(0) ≤ ν(t) ≤
μ(0). We have also that ν is strictly monotone. More precisely, μ(t) and μ(t) are
decreasing and increasing, respectively (see below). Moreover, it holds that wν > 0
by the maximum principle, recalling f ′(s) < 0. Also wν is finite; indeed for a fixed
ν, any sufficiently large constant is an upper solution of the wν−problem. Hence
inf x∈(0,1) { f (w)/wν} is always positive since also f (s) is bounded away from zero
for s ≤ supw < ∞.

To construct upper and lower solutions, we choose ν0 satisfying w(x; ν(0)) ≥
u0(x) and w(x; ν(0)) ≤ u0(x), respectively. This is possible since wν > 0. More
precisely, this can be done by u0 ≥ 0 and u0 ∈ C1([0, 1]). Otherwise we choose
ν(ε) so that w(·; ν(ε)) ≥ u(·, ε) for small ε > 0.

If the response diagram is as in Fig. 2.1a, c, or b for λ < λ∗, a unique steady-state
solution corresponds to each λ. Then we have a unique M(μ) and take either ν0 > μ

or ν0 < μ. In the complementary case, when two steady-states correspond to each λ

denoted by M1 = M(μ1) and M2 = M(μ2), for example, we take μ(λ∗) = μ∗ <

ν0 < μ1 , or μ1 < ν0 < μ2, or ν0 > μ2 for λ∗ < λ < λ∗ as in Fig. 2.1b. The
case with more than two turning points is similar, where each λ corresponds to more
than two M’s.

The above analysis implies that λ − λ(ν) < 0, ν = μ(t) and λ − λ(ν) > 0,
ν = μ(t) for the upper and lower solutions, respectively. These inequalities extend
to a proper region of ν, that is for the case of unique solution, λ − λ(ν) < 0 and
λ − λ(ν) > 0 if ν > μ and ν < μ, respectively, and for the case of two solutions,
λ − λ(ν) < 0 and λ − λ(ν) > 0 if μ1 < ν < μ2, μ∗ < ν < μ1 and ν > μ2,
respectively.

These properties imply U (x, t) = w(x;μ(t)) and z(x, t) = w(x;μ(t)) are upper
and lower solutions, respectively, and hence λ − λ(μ) < 0 < λ∗ − λ(μ) and λ −
λ(μ) > 0 > λ∗ − λ(μ), respectively. Then it holds that Ut = wν ν̇ < 0 and

zt = wν ν̇ > 0, since wν > 0, μ̇(t) < 0, and μ̇(t) > 0.
Returning to the case of a unique steady-state w(x) ≡ w1(x), the above con-

struction implies that z(x, t) ≤ u(x, t) ≤ U (x, t). Then u(x, t) is a global-in-
time solution and z(x, t) ↑ w(x) and U (x, t) ↓ w(x) as t → ∞ uniformly in
x , since μ(t) → l = μ+, μ(t) → l = μ− as t → ∞, which means that
μ(t) → μ, (μ(t) → μ) and μ(t) > μ (μ(t) < μ). The latter is true i.e.

l = l = μ, since assuming that μ(t) → μ̂+ = μ̂ > μ, as t → ∞ problem (2.56)

would imply
∫ μ(t)

μ(0)

ds

h(s)
= t , and by taking the limit as t → ∞ we should have

∫ μ̂

μ(0)

ds

h(s)
= ∞. But this can occur if and only if h(μ̂) = 0 or equivalently λ(μ̂) = λ

which contradicts the uniqueness of the solution of the non-local steady problem,
(otherwise we would have λ(μ̂) = λ(μ) = λ with μ̂ > μ, which is a contradiction,
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see Fig. 2.1c, d). The same argument applies to all other cases with more steady-
states, giving always an extra steady solution. Similarly it is shown thatμ(t) → μ−,
as t → ∞.

Consequently we deduce that w is a globally asymptotically stable solution. Here,
if ∫ ∞

0
f (s)ds = ∞,

then we can also prove that u(x, t) is a global in time solution. Indeed we have

Ṁ(t) ≤ λ f (M)(∫ 1

0
f (u)dx

)2 <
λ

f (M)
or
∫ M(t)

M(0)
f (s) ds < λt,

which implies that u(x, t) is global in time.
In case thatmore than one stationary solutions existwe can apply a similar analysis

to show the stability alternates starting from a stable minimal stationary solution,
proceeding to greater one which is unstable and so on, see [22].

Now we examine the long time behavior of u when f is an increasing function
inspired by [14, 22]. For simplicity we consider Dirichlet boundary conditions,

u(0, t) = u(1, t) = 0 ,

and expand u(x, t) as

u(x, t) =
∞∑

n=1

En(t)yn(x), (2.57)

where yn(x) = ex/2 sin(nπx), n = 1, 2, · · · , are the eigenfunctions of the operator
− ∂2

∂x2 + ∂
∂x , under Dirichlet boundary conditions.

Substituting (2.57) into Eq. (2.6) and taking into account the monotonicity of f ,
see also [22], we obtain the following estimate:

|En(t)| ≤ |En(0)|e−λn t + 2λ

n2π2 f (0)
[1 − e−λn t ],

hence

lim sup
t→∞

|En(t)| ≤ 2λ

n2π2 f (0)
,

where λn = 1

4
+ n2π2.
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By virtue of (2.57) we have

lim sup
t→∞

u(x, t) ≤ e1/2 lim sup
t→∞

∞∑
n=1

|En(t)| ≤ 2λe1/2

f (0)

∞∑
n=1

1

n2π2
= λe1/2

3 f (0)
,

since the series of |En(t)| converges uniformly and hence in that case a global-in-time
solution exists which is bounded for each time t > 0.

For the Neumann boundary condition

ux (0, t) = ux (1, t) = 0, (2.58)

a similar analysis yields that the solution u(x, t) of problem (2.6), (2.58) and (2.8)
is global-in-time but not necessarily bounded, see [22].

2.1.4.2 Hyperbolic Case

Now we investigate the stability of steady states of (2.18)–(2.20), using the compar-
ison result given in Sect. 2.1.2.

For this reasonwe consider comparison functions of the form v(x, t)=w(x;μ(t)).

Using vx = μ f (v) and μx =
∫ w

0

ds

f (s)
obtained by (2.53) and (2.54), respectively,

we get vt = μ̇(t)x f (v) with v(0, t) = 0. Thus by following the calculations in [22]
we derive

H (v) := ρ(v)vt +
(
1 −

∫ x

0
ρ ′(v)vt dy

)
vx − λ f (v)(∫ 1

0
f (v)dx

)2

= f (v)

[
μ̇(t)xρ(v) + μ(t) − μ̇(t)

∫ v

0
yρ ′(s)ds − λ/

(∫ 1

0
f (v)dx

)2
]

.

However, since
∫ 1
0 f (v)dx = 1

μ(t)

∫ 1
0 vx dx = M(t)

μ(t) for M(t) = supx v(x, t) =
v(1, t), choosing

μ̇(t) = μ̇ = h(μ(t)) ≡ 1

ρ(0)

(
λμ2

M2(μ)
− μ

)
, for t > 0, (2.59)

we obtain

H (v) = f (v)

[
1

ρ(0)

(
λμ2

M2(μ)
− μ

)(
ρ(v)x −

∫ v

0
yρ ′(s)ds

)
+ μ − λμ2

M2(μ)

]
.
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Let λ >
M2(μ)

μ
. Using the fact that ρ(s) is a positive decreasing function, we

get H (v) ≤ 0 for 0 < x < 1. Thus in this case v(x, t) is an increasing-in-time
(vt = μ̇(t)x f (v) > 0) lower solution to (2.18)–(2.20), provided that v(x, 0) =
w(x;μ(0)) ≤ u0(x). Also for λ <

M2(μ)

μ
and v(x, 0) = w(x;μ(0)) ≥ u0(x) we

obtain that v(x, t) is a decreasing-in-time upper solution to (2.18)–(2.20).
We start with the case that a unique steady statew exists. Then to each 0 < λ < λ∗

(λ∗ = ∞ when
∫∞
0 f (s)ds = ∞) there exists μ > 0 such that λ = λ(μ) :=

μ
(∫ 1

0 f (w)dx
)2

and the function λ(μ) is increasing. For the case u0(x) ≤ w(x)

we can choose 0 < μ(t) < μ, so λ = λ(μ) > λ(μ(t)) = M2(t)

μ(t)
, satisfying the

Eq. (2.59). Then μ(t) satisfies the transcendental equation

∫ μ(t)

μ(0)

ds

h(s)
= t, t > 0, where h(s) = 1

ρ(0)

(
λs2

M2(s)
− s

)
. (2.60)

Equation (2.60) has a unique solution in [μ(0), μ), for any μ(0) ≥ 0. Hence in this

case G : [μ(0), μ) → [0,∞) with G (ξ) := ∫ ξ

μ(0)
ds

h(s) is a C1–diffeomorphism,

[22]. Thus (2.59) has a unique solution μ(t) and since wμ = x f (w) ≥ 0 we can
choose μ(0) ≥ 0 such that w(x;μ(0)) ≤ u0(x). Hence v(x, t) = w(x;μ(t)) is an
increasing-in-time lower solution to (2.18)–(2.20), so v(x, t) ≤ u(x, t) ≤ w(x) for
x ∈ [0, 1] and t > 0. Moreover μ(t) → μ− as t → ∞, because, otherwise there
would be another steady state. Therefore, v(·, t) → w(·) as t → ∞ uniformly in x
resulting in u(·, t) → w(·) as t → ∞ uniformly in x .

When u0(x) ≥ w(x), it is possible to choose μ̄(t) > μ (so λ < λ(μ̄(t))) to
satisfy (2.59) and construct a decreasing-in-time upper solution z(x, t) to (2.18)–
(2.20), provided that z(x, 0) = w(x; μ̄(0)) ≥ u0(x). The latter is achieved since
u0(x), u′

0(x) are bounded and wμ̄ > 0. Thus we obtain w(x) ≤ u(x, t) ≤ z(x, t)
and finally u(·, t) → w(·) as t → ∞ uniformly in x , with μ̄(t) → μ+ as t → ∞.
Hence the unique steady state w(x) is globally asymptotically stable and u(x, t) is a
global-in-time bounded solution.

We turn to the case where (2.53) has two steady states w1 = w(x;μ1) and w2 =
w(x;μ2). Then for each λ∗ < λ < λ∗ there exist μ1 and μ2 such that λ = λ(μ1) =
λ(μ2) and function λ(μ) is increasing for 0 < μ < μ∗ and decreasing for μ > μ∗
with μ∗ satisfying λ′(μ∗) = 0. For 0 < u0(x) < w1(x), choosing 0 < μ(t) < μ1 <

μ∗ such that (2.59), we get as above a lower solution v(x, t) = w(x;μ(t)) with
v(·, t) → w1(·) as t → ∞ uniformly in x . Whereas for w1(x) < u0(x) < w2(x),

on choosing μ1 < μ̄(t) < μ∗, we construct an upper solution z(x, t) = w(x; μ̄(t))
such that z(·, t) → w1(·) as t → ∞ uniformly in x . Hence for λ∗ < λ < λ∗ the
minimal steady state w1 is asymptotically stable with a region of attraction [0, w2],
while for 0 < λ < λ∗ w1 is globally asymptotically stable. This implies that u(x, t)
is a global-in-time bounded solution.
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If we consider u0(x) > w2(x) and choose μ(t) > μ2 satisfying (2.59) then an
unbounded lower solution v(x, t) = w(x;μ(t)) can be constructed. More precisely,
μ(t) → ∞ as t → T ∗ ≤ ∞. Otherwise there would be a third steady state which is
a contradiction. Hence ‖u(·, t)‖∞ → ∞ as t → t∗ ≤ T ∗ ≤ ∞, which means that
u(x, t) is unbounded. The latter implies that the maximal steady state w2 is unstable.

Moreover, w∗(x) = w(x; λ∗) is unstable. In fact, w∗ is stable from below, 0 <

u0(x) < w∗(x), and unstable from above, u0(x) > w∗(x). If for each λ∗ < λ < λ∗
more than two steady states exist, then the above arguments imply that the minimal
steady state is stable, that the greater one is unstable, and so on.

We note that problem (2.18)–(2.20) has unbounded solutions for λ > λ∗. Indeed,

in this case there holds λ > λ(μ) = M2

μ
for μ > 0. Hence we can construct a

lower solution of the form w(x;μ(t)), which actually becomes unbounded since
μ(t) → ∞ as t → T ∗ ≤ ∞ and due to the fact that for λ > λ∗ there is no
steady state. Consequently u(x, t) becomes unbounded at some t∗ ≤ T ∗ ≤ ∞, i.e.
‖u(·, t)‖∞ → ∞ as t → t∗−.

2.1.5 Finite-Time Blow-Up

The phenomenon of finite-time blow-up. apart from its mathematical interest, is
very significant for the process of sterilization of food. Indeed, in this context finite-
time blow-up is closely associated with thermal runaway which finally leads to food
burning and it should be avoided, since, otherwise the whole process of the food
sterilization is inefficient. Therefore, it is important form the application point of
view to investigate under which circumstances finite-time blow-up occurs so we can
optimize the whole process.

In the following we provide a thorough study of the phenomenon of finite-time
blow-up for the solutions of both (2.6)–(2.8) and (2.18)–(2.20). Here by finite-time
blow-up we mean that there exists a point (x∗, t∗) ∈ (0, 1) and sequence (xn, tn) →
(x∗, t∗) as n → +∞ such that u(xn, tn) → +∞ as n → +∞.

2.1.5.1 Parabolic Case

So far we have shown that when λ ∈ (λ∗, λ∗] and u0(x) > w2(x) or when λ > λ∗,
the solution u of (2.6)–(2.8) is unbounded.

In the following, we actually prove that u blows up in finite time in these two
cases. We first consider the case

λ > λ∗ and
∫ ∞

0
f (s) ds < ∞, (2.61)

and we construct a lower solution z = z(x, t) to (2.6)–(2.8) of the form:
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zxx + μ(t) f (z) = 0, 0 < x < δ(t), t > 0, (2.62)

z(0, t) = 0, t > 0, (2.63)

z(x, t) = M(t) = sup
x∈(0,δ)

z(x, t), zx (x, t) = 0, δ(t) ≤ x ≤ 1, t > 0.

(2.64)

Multiplying (2.62) by zx and integrating we get

zx (x, t) = √2μ [F(z) − F(M)]1/2 , (2.65)

where F(σ ) =
∫ ∞

σ

f (s) ds, so F ′(σ ) = − f (σ ) < 0.

The relation (2.65) implies

∫ M

0

ds

[F(s) − F(M)]1/2
= δ
√
2μ. (2.66)

Also

∫ 1

0
f (z) dx = −

∫ δ

0

zxx

μ
dx + (1 − δ) f (M) =

(
2

μ

∫ M

0
f (s) ds

)1/2
+ (1 − δ) f (M)

=
√

2

μ
+ f (M) + o(1), (2.67)

as δ → 0 and M → +∞.

Let

δ(M) = a

2
f (M)

∫ M

0
[F(s) − F(M)]−1/2 ds , (2.68)

where a is a suitable constant with a > 1/
[(

λ
2

)1/2 − 1
]

. It is easily seen that such

a choice of a entails Λ = 1
2

[
λ

(1+a)2
− 2

a2

]
> 0 . Then it holds that

√
2

μ
= a f (M), (2.69)

and thus, by using (2.29), (2.66) and (2.69), we obtain

δ = 1√
2μ

∫ M

0
[F(s) − F(M)]−1/2 ds ≤ a(M f (M))1/2,

which implies δ → 0 as M → ∞ (or equivalently, as μ → ∞.)
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Therefore we deduce that

∫ 1

0
f (z) dx = (1 + a) f (M) + o(1) as M → +∞. (2.70)

Now we can prove the following finite-time blow-up result.

Theorem 2.1.8 Under the condition (2.61) the solution u of problem (2.6)–(2.8)
blows up globally in finite time.

Proof As the first step we show that z defined above is a blowing up lower solution
of problem (2.6)–(2.8). Indeed, for δ ≤ x ≤ 1 we have

F (z) : = zt − zxx + zx − λ f (z)(∫ 1

0
f (z)dx

)2 = Ṁ − λ f (M)(∫ 1

0
f (z) dx

)2

= Ṁ − λ

(1 + a)2 f (M)
+ o(1) < Ṁ − Λ

f (M)
+ o(1), as M → +∞. (2.71)

Hence F (z) ≤ 0 provided that 0 < Ṁ ≤ Λ/ f (M) and for M sufficiently large.
Notably it can be proven that M(t) is differentiable almost every where following
the approach in [15, 21].

Now we integrate relation (2.65) with respect to x ∈ (0, δ) and then differentiate
with respect to t , to obtain

zt = xμ̇√
2μ

[F(z) − F(M)]1/2 + 1

2
Ṁ f (M)[F(z) − F(M)]1/2

∫ z

0
[F(s) − F(M)]−3/2ds

:= A + B. (2.72)

Owing to (2.66) and (2.69) we have

A = − f ′(M)Ṁ

f (M)
[F(z) − F(M)]1/2

∫ z

0
[F(s) − F(M)]−1/2 ds

≤ − f ′(M)Ṁ f 1/2(z)M

2 f 3/2(M)

≤ Λ f (z)

2 f 2(M)
, (2.73)

since s(M1/2 − s) ≤ 1
4 M , provided that 0 ≤ Ṁ ≤ −Λ/M f ′(M).

Also we have

B ≤ 1

2
Ṁ f (M) f 1/2(z)(M − z)1/2 f −3/2(M)

∫ z

0
(M − s)−3/2ds
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≤ Ṁ f 1/2(z)

f 1/2(M)
≤ Λ f (z)

2 f 2(M)
, (2.74)

as long as

0 ≤ Ṁ ≤ Λ

2 f (M)
.

Finally, if 0 ≤ Ṁ(t) ≤ min

{
Λ

2 f (M)
,

−Λ

M f ′(M)

}
in x ∈ (0, δ], we obtain

F (z) ≤ Λ f (z)

f 2(M)
+ μ f (z) + 2M1/2 f (z)

a f 3/2(M)
− λ f (z)

(1 + a)2 f 2(M)
+ o(1)

≤ f (z)

f 2(M)

[
Λ + 2

a2 + Λ − λ

(1 + a)2

]
+ o(1) = f (z)

f 2(M)
[2Λ − 2Λ] + o(1) = o(1),

(2.75)

as M → +∞, taking also into account that
2( f (M)M)1/2

a
≤ Λ for M

sufficiently large.
Therefore, by choosing

Ṁ = min

{
Λ

2 f (M)
,− Λ

M f ′(M)

}
, (2.76)

there holds that F (z) ≤ 0 for x ∈ (0, δ) ∪ (δ, 1). Since z, zx are continuous and
z(0, t) = zx (1, t) = 0, the function z is a lower solution of (2.6)–(2.8) for M large
enough, after some time at which u is sufficiently large.

We shall show now that z blows up in finite time. Indeed relation (2.76) implies

Λ
dt

d M
= max{2 f (M),−M f ′(M)} ≤ 2 f (M) − M f ′(M) or

Λt ≤ 3
∫ M

0
f (s) ds − M f (M) < 3

∫ ∞

0
f (s) ds < ∞,

since M f (M) → 0 as M → ∞. The latter implies that z blows up at T ∗ =
3

Λ

∫ ∞

0
f (s) ds < ∞. Hence u must also blow up at some t∗ ≤ T ∗ < ∞.

Now,we claim that u blows up globally, whichmeans that u(x, t) → ∞ as t → t∗
for all x in (0, 1] and ux (0, t) → ∞ as t → t∗. Indeed, noting that

M(t) = sup
[0,1]

u(·, t) satisfies Ṁ ≤ λ f (0)(∫ 1

0
f (u) dx

)2 = h(t),
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we have M(t) − M(0) ≤
∫ t

0
h(s) ds → ∞ as t → t∗−, which implies∫ 1

0
f (u) dx → 0 as t → t∗−. Thus for λ > λ∗ or for λ∗ < λ ≤ λ∗ and u0 > w2 ,

u blows up globally and ux (0, t) → ∞ as t → t∗−. �

An analogous result to Theorem 2.1.8 could be proved in the case

λ∗ < λ ≤ λ∗ and
∫ ∞

0
f (s) ds < ∞,

by a similar construction of a blowing lower solution of problem (2.6)–(2.8). For
more details see [22].

Remark 2.1.9 All the results obtained in Sects. 2.1.2–2.1.5 can be easily derived
when the Dirichlet boundary condition u(0, t) = 0 is replaced by ux (0, t) −
a u(0, t) = 0, t > 0 for a > 0. Similar results can be derived if Eq. (2.6) is
replaced by (2.9).

A nonlinearity is encountered quite often in application is the Heaviside function:

H(s) =
{
0, s < 0,
1, s ≥ 0.

In fact, it is a good approximation for the food resistivity since in many occasions
food materials change their resistivity during the sterilization process [40].

In that case problem (2.6)–(2.8) takes the form, [23],

ut − uxx + ux = λH(1 − u)(∫ 1

0
H(1 − u)dx

)2 , 0 < x < 1, t > 0, (2.77)

u(0, t) = ux (1, t) = 0, t > 0, (2.78)

u(x, 0) = u0(x), 0 < x < 1, (2.79)

where now u0(x), u′
0(x) are considered to be bounded with u0(x) ≥ 0 in [0, 1]

(the last requirement is a consequence of the fact that for any u0(x) the solution u
becomes non-negative throughout 0 < x < 1 at some time t).

From the mathematical point of view, the Heaviside function is neither Lipschitz
nor strictly positive however it is decreasing and so the techniques used in the previous
sections can bemodified to derive analogous results regarding the long time behavior
of u. It should be pointed out that in this case the finite-time blow-up cannot occurs
but instead finite-time quenching takes place when λ > λ∗ or when 0 < λ < λ∗ and
for large enough initial data. For a rigorous investigation of the long time behavior
of the solution to (2.77)–(2.79) see [23].
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2.1.5.2 Hyperbolic Case

It has been noted in Sect. 2.1.4 that the unbounded solutions to problem (2.18)–(2.20)
exist either for λ > λ∗ or for u0(x) sufficiently large and λ ≤ λ∗. The exact behavior
of such solutions to (2.18)–(2.20) depends upon the decreasing rate of f (s). More
precisely we have, [24],

Theorem 2.1.10 If
∫∞
0 f (s)ds < ∞ and ρ(s) ≥ γ > 0 for s > 0 then the

unbounded solutions to (2.18)–(2.20)blow up globally in finite time, i.e. u(x, t) → ∞
as t → t∗ < ∞ for any x ∈ (0, 1] and ux (0, t) → ∞ as t → t∗.

Proof As in Sect. 2.1.4 we can construct a lower solution of the form v(x, t) =
w(x; ν(t)) with ν(t) satisfying (2.59). Moreover, recalling that M(μ) is defined
implicitly by

μ(M) =
∫ M

0

ds

f (s)
,

we note that M(0) = 0, and thus Hardy’s inequality [17] entails

∫ ν

0

(
M(σ )

σ

)2

dσ ≤ 4
∫ ν

0
(M ′(σ ))2dσ. (2.80)

Also, by virtue of M ′(ν) = f (M(ν)), then (2.80) implies

∫ ν

0

(
M(σ )

σ

)2

dσ ≤ 4
∫ ν

0
(M ′(σ ))2dσ = 4

∫ M(ν)

0
f (s)ds < 4

∫ ∞

0
f (s)ds < ∞.

(2.81)
Since ν(t) satisfies (2.59), we obtain

t = ρ(0)
∫ ν(t)

0

M2(σ )

σ 2

(
λ − M2(σ )

σ

) dσ for any t > 0. (2.82)

Taking into account
M2(μ)

μ
= M2(μ)∫ M

0
ds
f (s)

→ 0 as μ → ∞ and
∫∞
0 f (s) < ∞, we

deduce

∫ ∞

β

M2(σ )

σ 2

(
λ − M2(σ )

σ

) dσ = 1

λ

∫ ∞

β

(
M(σ )

σ

)2

dσ + o(1) as β → +∞.

(2.83)
Finally, combining (2.81), (2.82) and (2.83) we derive ν(t) → ∞ as t → T ∗−,
where
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T ∗ = ρ(0)
∫ ∞

0

M2(σ )

σ 2

(
λ − M2(σ )

σ

) dσ < ∞.

Hence u(x, t) blows up in finite time, i.e. ‖u(·, t)‖∞ → ∞ as t → t∗− ≤ T ∗ < ∞.
To prove global blow-up, we first note that N (t) = max[0,1]u(·, t) satisfies

d N

dt
= λ f (N )

ρ(N )

(∫ 1

0
f (u)dx

)2 ≤ λ f (0)

γ

(∫ 1

0
f (u)dx

)2 = h(t),

and since u blows up we take N (t) − N (0) ≤ ∫ t
0 h(s)ds → ∞ as t → t∗. The

latter implies h(t) → ∞ as t → t∗ and so
∫ 1
0 f (u)dx → 0 as t → t∗, giving

that u(x, t) → ∞ as t → t∗ for any x ∈ (0, 1] and ux (0, t) ≥ wx (0, ν(t)) =
ν(t) f (0) → ∞ as t → t∗. �

A complementary result to Theorem 2.1.10 is the following, [24],

Theorem 2.1.11 If
∫∞
0 f (s)ds = ∞ and ρ(s) ≥ γ > 0 for s > 0 then any

unbounded solution u(x, t) to (2.18)–(2.20) diverges or blows up in infinite time
globally, i.e. u(x, t) → ∞ as t → ∞ for any x ∈ (0, 1] and ux (0, t) → ∞ as
t → ∞.

Proof We consider the function v = v(t) > 0 such that

dv

dt
= λ

γ f (v)
. (2.84)

Then there holds that

H (z) := ρ(z)zt +
(
1 −

∫ x

0
ρ ′(z)zt dy

)
zx − λ f (z)(∫ 1

0
f (z)dx

)2

= ρ(v)
dv

dt
− λ f (v)(∫ 1

0
f (v)dx

)2 ≥ λ

f (v)
− λ

f (v)
= 0. (2.85)

Choosing v(0) such that u0(x) ≤ v(0), we see that z(x, t) = v(t) is an upper
solution to (2.18)–(2.20). Also (2.84) implies

∫ v(t)
v(0) f (s)ds = λ

γ
t, leading, due to

the hypothesis
∫∞
0 f (s) ds = ∞, to v(t) → ∞ as t → ∞. Hence, z(x, t) is a

global-in-time unbounded upper solution to (2.18)–(2.20). This implies that u(x, t)
diverges or blows up in infinite time, i.e. ‖u(·, t)‖∞ → ∞ as t → ∞. Using similar
arguments as in Theorem 2.1.10, it is proved that

∫ 1
0 f (u)dx → 0 as t → ∞. Thus

u(x, t) → ∞, for any x ∈ (0, 1] and ux (0, t) → ∞ as t → ∞. This completes the
proof. �
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2.2 A Non-local Thermistor Problem

The second part of the current chapter is devoted to the study of the thermistor, a
device for regulating electric current in a circuit.

The operation of the thermistor is described by the following system

ut = ∇ · (κ(u)∇u) + ρ(u) |∇φ|2, x ∈ Ω, t > 0, (2.86)

∇ · (ρ(u)∇φ) = 0, x ∈ Ω, t > 0, (2.87)

together with some boundary conditions for u(x, t) and φ(x, t) on ∂Ω, see for exam-
ple [3, 4, 13]. Here, Ω is assumed to be a smooth, bounded open set of RN , N ≥ 1,
and stands for the spatial domain occupied by the conductor (the body of the thermis-
tor); the physical situation corresponds to N = 3. Moreover, φ(x, t) is the electrical
potential, u(x, t) the temperature inside the conductor, κ(u) > 0 the thermal con-
ductivity, and ρ(u) > 0 stands for the electrical conductivity. The parabolic equa-
tion (2.86) describes the heat flow in the system, while the elliptic equation (2.87)
describes the conservation of charge in the system, provided that its variation in space
and time is not too rapid.

Using a similar approach to Sect. 2.1.1 we can reduce system (2.86)–(2.87) to the
following non-local equation

ut = ∇ · (κ(u)∇(u)) + λ f (u)(∫
Ω

f (u) dx
)2 , x ∈ Ω, t > 0, (2.88)

which is also associated with boundary and initial conditions. The form of the bound-
ary conditions depending on the flux conditions are applied at the edge of the ther-
mistor device. Belowwe will mainly deal with zero-flux (Neumann), mixed (Robin),
and Dirichlet type boundary conditions.

Local-in-time existence of problems for Eq. (2.88) can be obtained using similar
ideas as in Sect. 2.1.2 and therefore we focus on the blowing-up behavior of the
associated problems. Again blow-up behavior is closely linked with the occurrence
of thermal runaway which might cause destruction of thermistor device. Therefore
its thorough investigation is interesting from applications point of view as well.

2.2.1 Neumann Problem

We start our study from the simplest case, when u(x, t) satisfies Neumann boundary
conditions, i.e. the boundary of the thermistor is thermally insulated, and so the
(dimensionless) temperature u(x, t) satisfies the problem
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ut = ∇ · (κ(u)∇(u)) + λ f (u)(∫
Ω

f (u) dx
)2 , x ∈ Ω, t > 0, (2.89)

∂u

∂ν
= 0, x ∈ ∂Ω, t > 0, (2.90)

u(x, 0) = u0(x), x ∈ Ω, (2.91)

where f (s) > 0, f ′(s) < 0 and κ(u) ≥ c > 0. Here ∂/∂ν denotes the normal
outward derivative to the boundary ∂Ω. In the following we assume that u0(x) ≥ 0.

In this case the associated steady-state problem

∇ · (κ(w)∇(w)) + λ f (w)(∫
Ω

f (w) dx
)2 = 0, x ∈ Ω,

∂w

∂ν
= 0, x ∈ ∂Ω, (2.92)

does not permit any kind of solution for every λ > 0.
Otherwise, if we integrate the equation of problem (2.92) we get

0 = λ∫
Ω

f (w) dx
,

which is a contradiction. The lack of stationary solutions is an indication that time-
dependent solutions should be unbounded. From the physical point of view this is
justified since the source term is positive, the system is provided with heat. On the
other hand the boundary condition ∂u/∂ν = 0 prevents any heat from escaping.
Thus, in such a situation, one expects the solution (concentration of heat) to become
unbounded. This physical situation is described by the following.

Theorem 2.2.1 There exists t∗ ≤ ∞ such that ||u(·, t)||∞ → ∞ as t → t∗. If∫∞
0 f (s) ds < ∞ then u(x, t) blows up in finite time, i.e. t∗ < ∞, whereas if∫∞
0 f (s) ds = ∞ then blow-up in infinite-time occurs, i.e. t∗ = ∞ and ‖u(·, t)‖∞ →

∞ as t → t∗. Moreover in each case blow-up is global and flat (uniform) i.e.

u(x, t) = ||u(·, t)||∞(1 + o(1)) as t → t∗ − for a.e. x ∈ Ω.

Proof We first assume
∫∞
0 f (s) ds < ∞. Under this assumption and the positivity

of u (which is a consequence of the maximum principle) the functional

Y (t) =
∫

Ω

∫ ∞

u(x,t)
f (σ ) dσ dx,

is well-defined and nonnegative [3, 21].
Taking the derivative of Y (t) with respect to t and using Eq. (2.89) we obtain
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Y ′(t) = −
∫

Ω

f (u) ut dx = −
∫

Ω

f (u)∇ · (κ(u)∇(u)) d x − λ
∫
Ω

f 2(u) d x(∫
Ω

f (u) dx
)2 .

Using Jensen’s inequality for φ(s) = s2 and integration by parts we have

Y ′(t) ≤ −
∫

Ω

f (u)∇ · (κ(u)∇(u)) d x − λ

|Ω| =
∫

Ω

f ′(u) κ(u) |∇u|2 dx − λ

|Ω| .

Now using the monotonicity of f (s) as well the positivity of κ(u) then

Y ′(t) ≤ − λ

|Ω| ,

which finally yields

0 ≤ Y (t) ≤ Y (0) − λ

|Ω| t.

The latter yields that u(x, t) cannot exist beyond t∗, where

t∗ ≤ T ∗
u = |Ω| Y (0)

λ
< ∞. (2.93)

Since the solution u(x, t) of (2.89)–(2.91) ceases to exist only when it becomes
unbounded, we deduce that ||u(·, t)||∞ → ∞ as t → t∗− (finite-time blow-up). An
immediate result of relation (2.93) is that as the L1−norm of the initial conditions
increases then the bound T ∗

u on the blow-up time, as it is expected, decreases. More-
over we can prove that u(x, t) blows up globally, using similar ideas as in Theorem
2.1.8, and uniformly i.e. u(x, t) ∼ ||u(·, t)||∞ as t → t∗ for a.e. x ∈ Ω (global and
flat blow-up).

Applying a similar approach as in [15, 21], we obtain that n(t) = minx∈Ω̄ u(x, t)
and N (t) = maxx∈Ω u(x, t) are differentiable almost for almost every t and thus it
satisfies

dn

dt
≥ λ f (n)(∫

Ω
f (u) dx

)2 ≥ λ f (N )(∫
Ω

f (u) dx
)2 ≥ d N

dt
, a.e. in (0, t∗),

which implies n(t) < N (t) ≤ n(t) + C, C = N (0) − n(0), for every t ∈ (0, t∗).
Hence the blow-up is uniform and it holds that

u(x, t) = ||u(·, t)||∞(1 + o(1)) as t → t∗ − for a.e. x ∈ Ω.

We now consider the case where
∫∞
0 f (s) ds = ∞. Again N (t) satisfies
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d N

dt
≤ λ f (N )(∫

Ω
f (u) d x

)2 ≤ λ

f (N ) |Ω|2 a.e in (0, t),

and integrating over (0, t) yields

∫ N (t)

N (0)
f (s) ds ≤ λ

|Ω|2 t,

for every t > 0. The latter implies that the solution cannot blow-up in finite time. By
the inequality (∫

Ω

u(x, t)dx

)
t

≥ λ

|Ω | f (0)
> 0,

we deduce limt→∞
∫
Ω

u(x, t) dx = ∞ and thus N (t) diverges in infinite time. �

2.2.2 Robin Problem

We now investigate a problem with Robin-type boundary conditions, i.e. non-
Newtonian cooling,

ut = ∇ · (κ(u)∇(u)) + λ f (u)(∫
Ω

f (u) dx
)2 , x ∈ Ω, t > 0, (2.94)

∂u

∂ν
+ β u(x, t) = 0, x ∈ ∂Ω, t > 0, (2.95)

u(x, 0) = u0(x), x ∈ Ω, (2.96)

where β = β(x) > 0. We still assume that f (s) > 0, f ′(s) < 0 and
∫∞
0 f (s) d s <

∞; actually for simplicity we take

∫ ∞

0
f (s) d s = 1. (2.97)

Then the following blow-up result holds:

Theorem 2.2.2 Assume ( f (s)κ(s))′ < 0 then if u(x, t) is a solution of (2.94)–
(2.96) then for λ sufficiently large there exists t∗ < ∞ such that ||u(·, t)||∞ → ∞
as t → t∗−, i.e. u(x, t) blows up in finite time. Moreover blow-up is global and flat.

Proof In this case the technique used for the Neumann problem fails because when
integrating by parts the term containing ∂u/∂ν does not vanish any more on the
boundary. In order to overcome this difficulty we modify the form of the functional
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Y (t). This can be achieved by using an auxiliary function in the definition of Y (t).
More precisely we consider

Y (t) =
∫

Ω

Ψ (x)

(∫ ∞

u(x,t)
f (σ ) d σ

)
d x,

where Ψ (x) is the Robin eigenfunction corresponding to the principal eigenvalue of
the Laplacian, i.e. Ψ (x) satisfies the problem

− ΔΨ = μ1 Ψ, x ∈ Ω,
∂Ψ

∂ν
+ β Ψ = 0, x ∈ ∂Ω. (2.98)

It is known, see for example [2] Theorem 4.3, that μ1 is positive and that Ψ (x) does
not change sign inΩ, so it can be chosen to be positive and for simplicity normalised
so that ∫

Ω

Ψ (x) d x = 1. (2.99)

Hence the functional Y (t) is nonegative and well-defined due to (2.97).
Differentiating Y (t) and using (2.94) we obtain

Y ′(t) ≤ −
∫

∂Ω

Ψ f (u) κ(u)
∂u

∂ν
ds +

∫
Ω

∇ (Ψ (x) f (u)) κ(u) · ∇(u) dx − λ m

|Ω|
= β

∫
∂Ω

Ψ f (u) κ(u) u ds +
∫

Ω

∇Ψ (x) · ∇
(∫ u

0
f (σ )κ(σ )dσ

)
dx

+
∫

Ω

Ψ (x) f ′(u)κ(u)|∇u|2dx − λ m

|Ω| ,

due to the boundary conditons. Then f ′(s) < 0 implies

Y ′(t) ≤ β

∫
∂Ω

Ψ f (u) κ(u) u ds − β

∫
∂Ω

Ψ

(∫ u

0
f (σ )κ(σ )dσ

)
ds

−
∫

Ω

ΔΨ

(∫ u

0
f (σ )κ(σ )dσ

)
dx − λ m

|Ω|
= μ1 − λ m

|Ω| ,

for m = minx∈Ω Ψ (x) > 0 by ( f (s)κ(s))′ < 0, (2.99), and (2.97).
The latter yields

0 < Y (t) ≤ Y (0) −
(

λ m

|Ω| − μ1

)
t,

and finally, we conclude that the solution of (2.94)–(2.96) blows up globally in finite
time by



2.2 A Non-local Thermistor Problem 97

T ∗
u = Y (0)

λ m
|Ω| − μ1

,

provided that λ > λ̂ = μ1 |Ω|
m . It can also be proven that blow-up is global and

uniform. �

The above method, apart from the existence of blow-up, provides us with an
upper estimate of λ∗, the supremum of the spectrum of the corresponding steady-
state problem. Indeed, we claim that λ∗ ≤ λ̂, because otherwise, for initial conditions
u(x, 0) < wm(x; λ)wherewm(x; λ) is theminimal stationary solution corresponding
to a λ̂ < λ < λ∗, we could prove, using similar ideas as in [30], that u(x, t) → wm(x)

as t → ∞,which is a contradiction since blow-up occurs for every initial conditions
if λ > λ̂. This estimate does not seem to be optimal, at least for f (s) = e−s . In fact,
as Bebernes and Lacey conjectured in [5] that λ∗ in this case will be proportional to
2 |∂Ω|2. However, for the one-dimensional case the above estimate λ̂ improves the
ones in [30, 42].

As it has been pointed out in the second part of the current chapter, the occur-
rence of blow-up is linked with thermal runaway which might be responsible for the
destruction of thermistor device. Therefore, it is important from applications point of
view to estimate when finite blow-up takes place. Thus, in the following we provide
some useful estimates of the blow-up time when λ > λ∗.

For simplicity we take a nonlinearity f satisfying

f (s), f ′′(s) > 0, f ′(s) < 0, s ≥ 0 , (2.100)

f (s) ≤ c

s2
, c > 0 for s � 1 and

∫ ∞

0
f (s) ds < ∞, (2.101)

and we also deal with the one-dimensional case, e.g. Ω = (−1, 1), for κ(u) = 1,
i.e.,

ut = uxx + λ f (u)(∫ 1
−1 f (u) dx

)2 , x ∈ (−1, 1), t > 0, (2.102)

ux (x, t) ± β u(x, t) = 0, x = ±1, t > 0, (2.103)

u(x, 0) = u0(x), x ∈ (−1, 1). (2.104)

In particular, in [26] is proven the following

Theorem 2.2.3 Let f satisfy (2.100) and (2.101). Assume, further, that the steady-
state problem of (2.102)–(2.104) has at least a classical solution, say w∗, corre-
sponding to λ∗. Then for any λ sufficiently close to λ∗, the blow-up time Tb of the
solution of (2.102)–(2.104) can be estimated as follows

Tl (λ − λ∗)−
1
2 ≤ Tb ≤ Tu (λ − λ∗)−

1
2 , (2.105)
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where Tl, Tu are positive constants.

The proof of Theorem 2.2.3 is based on several ideas introduced in [28] and is
lengthy. Thus it is omitted here. In [26], some estimates of the blow-up via asymptotic
and numerical methods are also provided for f (s) = e−s which actually confirm the
results of Theorem 2.2.3.

2.2.3 Dirichlet Problem

We finally close our study with the Dirichlet case where for simplicity we also
consider κ(u) = 1 and thus we focus on the following

ut = Δu + λ f (u)(∫
Ω

f (u) dx
)2 , x ∈ Ω, t > 0, (2.106)

u(x, t) = 0, x ∈ ∂Ω, t > 0, (2.107)

u(x, 0) = u0(x), x ∈ Ω. (2.108)

In this case we expect for blow-up to occur if f (s) is decreasing and satisfies (2.97).
Indeed, under those conditions there exists a critical parameter λ∗ ≥ 2 |∂Ω|2, see
Theorem 2.2 in [5], such that the steady-state problem

Δw + λ f (w)(∫
Ω

f (w) dx
)2 = 0, x ∈ Ω, w(x) = 0, x ∈ ∂Ω, (2.109)

has no solutions forλ > λ∗.Actually, in the one-dimensional case a thorough study of
finite-time blow-up for λ > λ∗ is provided in [29, 30]. Here we provide an extension
of those blow-up results in the higher dimensional case however we should restrict
the class of the considered nonlinear functions f.

Notably the approach used in the case ofNeumann andRobin boundary conditions
fails here, for more details see [21]. Therefore, we will proceed for the proof of
blow-up by constructing a proper blowing up lower solution. We actually have the
following

Theorem 2.2.4 For λ > λ∗ and sufficiently large initial conditions the solution of
the problem (2.106)–(2.108) blows up globally and uniformly in finite time provided
that f (s) satisfies

∫ ∞

0
[2s f (s) − s2 f ′(s)] ds < ∞. (2.110)

Proof For the construction of this lower solution we will need first to define a
lower solution of the problem for the steady-state problem (2.109), which was first
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introduced in [5]. This lower solution has the form

v(x;μ, ν, δ) =

⎧⎪⎨
⎪⎩

V (
√

ν δ d(x, ∂Ω);μ), d(x, ∂Ω) <
μ√
ν δ

,

V (μ;μ) = M, d(x, ∂Ω) ≥ μ√
ν δ

,
(2.111)

where V is the solution of the problem

V ′′ + f (V ) = 0, 0 < y < μ, V (0;μ) = 0, V ′(μ;μ) = 0, (2.112)

while δ = λ/(
∫
Ω

f (w) dx)2 is the so called local parameter of (2.109) and ν is
a constant to be determined later. Here d(x, ∂Ω) stands for the distance between
x ∈ Ω and the boundary ∂Ω. Also, d is smooth and more precisely |Δd| < K ,

for some K, in a neighborhood of the boundary if ∂Ω is smooth. In particular, such
a neighborhood consists of all x ∈ Ω such that d(x, ∂Ω) ≤ μ√

ν δ
< ρ, where

ρ is smaller than the infimum of the radius of the largest interior ball touching the
boundary at some z ∈ ∂Ω.Hence in the following δ is chosen large enough to ensure
that μ√

ν δ
< ρ.

Obviously v satisfies the correct boundary condition and is C1. Moreover there
holds

Δv + δ f (v) = δ f (V (μ)) > 0 for d(x, ∂Ω) ≥ μ√
ν δ

,

Δv + δ f (v) = ν δ |∇d|2 V ′′ + √
ν δ V ′ Δd + δ f (V )

= (1 − ν) δ f (V ) + √
ν δ V ′ Δd where d(x, ∂Ω) <

μ√
ν δ

> (1 − ν) δ f (V ) − √
δ K V ′ ≥ 0, for ν < 1,

provided that ν ≤ 1 − K G(μ)√
δ

, where G(μ) = supy∈(0,μ)
V ′

f (V )
.

Therefore, by choosing ν = 1 − K G(μ)/
√

δ, v is a lower solution of problem
(2.109) for sufficiently large δ, i.e. for λ < λ∗ sufficiently close to λ∗.

Problem (2.112) also implies that V satisfies

V ′ 2 = 2
∫ M

V
f (s) ds = 2

∫ ∞

V
f (s) ds − 2

∫ ∞

M
f (s) ds = 2(F(V ) − F(M)),

where F(σ ) = ∫∞
σ

f (s) ds and thus the relation between μ and M is defined by

μ = μ(M) = 1√
2

∫ M

0
[F(s) − F(M)]−1/2 ds. (2.113)

We now consider as a candidate lower solution the function
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z(x, t) =

⎧⎪⎨
⎪⎩

V (
√

ν δ d(x, ∂Ω);μ), d(x, ∂Ω) <
μ√
ν δ

,

V (μ;μ) = M(t), d(x, ∂Ω) ≥ μ√
ν δ

,
(2.114)

where the functions μ = μ(t), M = M(t), δ = δ(t) and the constant ν will be
determined below.

Indeed, due to (2.113) the relation between M(t) and μ(t) is already determined,
while we are free to chose the relation between M(t) and δ(t). It is evident, from the
definition of z(x, t), that if the ratio μ/

√
νδ decreases to 0 as t increases then the

spatial independent behavior of z(x, t) dominates the behavior near the boundary,
i.e. the growth of z(x, t) is uniform (flat) as t increases. In the following we will
choose M(t) and the dependence between M and δ such that, for large enough intitial
conditions, z(x, t) is a lower solution of problem (2.106)–(2.108) which blows up in
finite time.

We choose

δ = δ(M) = M2

f (M)
, (2.115)

while we impose M(t) to satisfy

Ṁ(t) := d M

dt
= λ − λ∗
(∫

Ω
f (z) dx

)2 inf
x∈Ω

{
f (z)

zM

}
> 0 for t > 0, (2.116)

and M(0) is chosen large enough so that δ0 = δ(M(0)) = M2(0)/ f (M(0)) is also
sufficiently large (note that δ′(M) > 0).

Consequently, we have that

zM = ∂z

∂ M
= ∂V

∂y
y′(M) + ∂V

∂μ
μ′(M) > 0,

where y = y(M) = √
ν δ(M) d(x, ∂Ω). In fact, differentiating problem (2.112)with

respect to y and using the monotonicity of f (s) together with maximum principle
arguments we get ∂V/∂y > 0. Besides, y′(M) = 1

2 y(M) δ′(M)/δ(M) > 0 and
μ′(M), Vμ(y;μ) > 0.

Setting Y = y/μ then problem (2.112) can be written as

W ′′ + μ2 f (W ) = 0, 0 < Y < 1, W (0;μ) = 0, W ′(1;μ) = 0,

where W (Y ) = V (y). Differentiating this problem with respect to μ we obtain

−W ′′
μ − μ2 f ′(W ) Wμ = 2μ f (W ) > 0, 0 < Y < 1, Wμ(0;μ) = 0, W ′

μ(1;μ) = 0,

which implies (due the maximum principle) that Wμ(Y ;μ) = Vμ(y;μ) > 0 for
0 < y < μ and Wμ(1;μ) = M ′(μ) > 0, hence μ′(M) > 0.
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Now if we choose δ0 large enough then the fact that δ ′(M) > 0 and M(t) satisfies
(2.116) guarantee that δ(t) remains large enough for every t > 0.

Therefore
− Δz ≤ δ(t) f (z) for every t > 0, (2.117)

provided that ν is chosen such that

ν ≤ inf
M>M(0)

(
1 − K G(M)√

δ(M)

)
, (2.118)

where M(0) is also taken large enough. The latter choice is possible since

lim
M→+∞

G(M)√
δ(M)

= 0.

Therefore we derive

zt − Δz − λ f (z)(∫
Ω f (z) dx

)2 = zM Ṁ(t) − Δz − λ f (z)(∫
Ω f (z) dx

)2
≤ zM Ṁ(t) + δ(t) f (z) − λ f (z)(∫

Ω f (z) dx
)2 (due to (2.11.7))

≤ zM Ṁ(t) + [λ∗ − λ] f (z)(∫
Ω f (z) dx

)2 + o(1)

= zM

(
λ − λ∗

(∫
Ω f (z) dx

)2 inf
x∈Ω

{
f (z)

zM

}
+ [λ∗ − λ](∫

Ω f (z) dx
)2 f (z)

zM

)
+ o(1)

= zM (λ − λ∗)(∫
Ω f (z) dx

)2
[
inf

x∈Ω

{
f (z)

zM

}
− f (z)

zM

]
+ o(1) ≤ 0 as M → +∞,

since δ(t) ≤ λ∗/
(∫

Ω
f (z) dx

)2 + o(1) as M → +∞, and by choosing M(0)
sufficiently large.

Consequently, z(x, t) is a lower solution of problem (2.106)–(2.108) provided that
M(t) satisfies (2.116) with sufficiently large initial conditions M(0). Furthermore,
we show that (2.116) guarantees the occurrence of finite-time blow-up for the lower
solution z(x, t).

Indeed, we first note that

inf
x∈Ω

{
f (z)

zM

}
= min

{
f (M), inf

d(x,∂Ω)<μ/
√

ν δ

{
f (z)

zM

}}
,

where

inf
d(x,∂Ω)<μ/

√
ν δ

{
f (z)

zM

}
= inf

y∈(0,μ)

{
f (V (y;μ))

VM(y;μ)

}
= 1

supy∈(0,μ)

{
VM (y;μ)

f (V (y;μ))

} .
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Since

VM(y;μ) = 1

2
y

δ′(M)

δ(M)

∂V

∂y
+ ∂V

∂μ
μ′(M),

then

sup
y∈(0,μ)

{
VM (y; μ)

f (V (y; μ))

}
≤ 1

2

δ′(M)

δ(M)
sup

y∈(0,μ)

{
Vy(y; μ) y

f (V (y; μ))

}
+ sup

y∈(0,μ)

{
Vμ(y; μ) μ′(M)

f (V (y; μ))

}

≤ 1

2

δ′(M)

δ(M)
G(μ(M)) μ(M) + sup

y∈(0,μ)

{
Vμ(y; μ)

f (V (y; μ))

}
μ′(M). (2.119)

Note that

lim
M→+∞

μ(M)√
δ(M)

= 0, (2.120)

and

lim
M→+∞

G(μ(M))√
δ(M)

= 0. (2.121)

For the former by virtue of (2.113) we have

μ(M) = 1√
2

∫ M

0
[F(s) − F(M)]−1/2 ds ≤ 1√

2

∫ M

0
[(M − s) f (M)]−1/2 ds

=
√

2 M

f (M)
,

and thus

0 < lim
M→+∞

μ(M)√
δ(M)

≤ lim
M→+∞

√
2 M
f (M)√

δ(M)
= lim

M→+∞

√
2 M
f (M)

M√
f (M)

= 0.

For the latter, taking into account the monotonicity of f we obtain that

f 2(M) (F(V ) − F(M))/ f 2(V ) ≤ (M − V ) f 2(M)/ f (V ) ≤ (M − V ) f (M) ≤ M f (M),

which implies

G(μ(M)) = sup
V ∈(0,M)

√
2 (F(V ) − F(M))

f (V )
≤
√

2 M

f (M)
,

and thus
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0 < lim
M→+∞

G(μ(M))√
δ(M)

≤ lim
M→+∞

√
2 M
f (M)√

δ(M)
= lim

M→+∞

√
2 M
f (M)

M√
f (M)

= 0.

Furthermore,

sup
y∈(0,μ)

{
Vμ(y;μ)

f (V (y;μ))

}
≤ Vμ(μ;μ)

f (V (μ;μ))
= M ′(μ)

f (M)
, (2.122)

since
∂2V (y;μ)

∂μ ∂y
= −

∫ y

0
f ′(V (s;μ)) Vμ(s;μ) ds + ∂2V (0;μ)

∂μ ∂y
≥ 0.

Now by using (2.120)–(2.122) then relation (2.119) entails

sup
y∈(0,μ)

{
VM(y)

f (V (y))

}
<

1

2
δ′(M) + 1

f (M)
= 1

2
δ′(M)(1 + o(1)) as M → +∞,

taking into account

lim
M→∞

1
f (M)

δ′(M)

2

= lim
M→∞

2
δ′(M)

f (M)
= lim

M→∞
2

2 M − M2 f ′(M)

f (M)

= 0,

and thus

inf
x∈Ω

{
f (z)

zM

}
≥ min

{
f (M),

2

δ′(M)

}
+ o(M) = 2

δ′(M)
+ o(M) as M → +∞.

Consequently in view of relation (2.116) we obtain

Ṁ(t) ≥ λ − λ∗
(∫

Ω f (z) dx
)2 2

δ′(M)
+ o(M) = 2 (λ − λ∗)

|Ω|2 δ′(M) f 2(M)
+ o(M)

= (λ − λ∗)

|Ω|2 [2 M f (M) − M2 f ′(M)] + o(M), as M → +∞,

since
∫
Ω

f (z) dx = f (M) |Ω|+o(M) as M → +∞due to (2.120) and the definition
of z(x, t). The latter implies that M(t) → ∞ as t → t∗

1 , where

t∗
1 ≤ |Ω|2

(λ − λ∗)

∫ ∞

M(0)
[2 σ f (σ ) − σ 2 f ′(σ )] dσ + o(M) < ∞, as M → +∞,

(2.123)
recalling that f satisfies (2.110).

Consequently z(x, t) is lower solution which blows up in finite time t∗
1 , provided

that M(0) is chosen large enough. The latter implies that u(x, t) blows up in finite
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time t∗ ≤ t∗
1 , i.e. ||u(·, t)||∞ → ∞ as t → t∗, for large enough initial conditions. It

can be proven, using the same arguments as in the Neumann problem, that blow-up
is global.

Finally, in this case we can also prove that blow-up is uniform (flat). Actually, if
we consider the problem

vt = Δv + h(t) f (N ), x ∈ Ω, t > 0,

v(x, t) = 0, x ∈ ∂Ω, t > 0,

v(x, 0) = 0, x ∈ Ω,

where N = N (t) = maxx∈Ω u(x, t) and h(t) = λ/(
∫
Ω

f (u(x, t)) dx)2 then v(x, t)
is a lower solution of problem (2.106)–(2.108) since f (s) is decreasing.

Set v(x, t) = θ(x, t) + V (t) where V (t) is the solution of the problem

dV (t)

dt
= h(t) f (N ), V (0) = 0,

and θ(x, t) satisfies

θt = Δθ, x ∈ Ω, t > 0,

θ(x, t) = −V (t), x ∈ ∂Ω, t > 0,

θ(x, 0) = 0, x ∈ Ω.

Thus θ has the integral representation

θ(x, t) =
∫ t

0
V (τ )

∫
∂Ω

∂G(x, s, t − τ)

∂ν
dsdτ,

where G(x, y, t) is the Green’s function for the heat equation in Ω with Dirichlet
boundary conditions. Thus

v(x, t) = V (t) +
∫ t

0
V (τ )

∫
∂Ω

∂G(x, s, t − τ)

∂ν
dsdτ, (2.124)

and for any fixed x ∈ Ω the second term on the right-hand side of (2.124) is much
smaller than the first as t → t∗, due to the contribution of the Green’s function term,
and so v(x, t) = V (t)(1+ o(1)) as t → t∗ for any x ∈ Ω. Hence N (t) ≥ u(x, t) ≥
V (t)(1 + o(1)) as t → t∗ for any x ∈ Ω.

Now using the fact
d N (t)

dt
≤ h(t) f (N ) = dV (t)

dt
,



2.2 A Non-local Thermistor Problem 105

we obtain N (t) ≤ V (t) ≤ N (t)(1+ o(1)) as t → t∗ and thus it follows that V (t) =
N (t)(1+ o(1)) as t → t∗ and consequently we deduce u(x, t) = N (t)(1+ o(1)) as
t → t∗− for any x ∈ Ω (uniform blow-up). �

Remark 2.2.5 Relation (2.110) is satisfied by f (s) = e−s as well as by f (s) =
1/(1 + s)1+k, for k > 1.

Remark 2.2.6 It should pointed out that the upper bound of blow-up time given
by relation (2.123) is of the same form with the upper estimate obtained in Theo-
rem 2.2.3, although the method used to derive (2.123) is independent of the spatial
dimension.

In the case of a non-constant thermal conductivity κ(u) some blow-up results not
only for the Dirichlet case can be found in [19, 32].

The case λ = λ∗ seems to be critical since an infinite-time blow-up result holds
for the one-dimensional case, e.g. Ω = (−1, 1). Indeed, we can construct an upper
solution V to problem (2.106)–(2.108) which is global in time and unbounded.

Such an upper solution has the form

V (x, t) = w(y(x, t);μ(t)), δ(t) ≤ |x | ≤ 1, t > 0,

V (x, t) = M(t) = max
δ(t)≤|x |≤1

w(y(x, t);μ(t)), 0 ≤ |x | < δ(t), t > 0,

where 0 ≤ y(x, t) = |x | − δ(t)

1 − δ(t)
≤ 1, and 0 < δ(t) < 1 is a function can be chosen

properly whereas w(y;μ(t)) satisfies the following quasi steady-state problem

wyy + μ(t) f (w) = 0, 0 < y < 1, t > 0, w′(0) = w(1) = 0,

with ε(t) = 1 − δ(t).
More precisely the following holds

Theorem 2.2.7 Let f (s) be a decreasing function satisfying relation (2.97) as well
as the one of the following conditions

lim inf
s→∞ g(s) > c > 0

or

lim inf
s→∞ g(s) = 0 and g(s) ≥

√
2 (1 + α)√

ln s
, α > 0 for s � 1,

where

g(s) = f (s)
√

μ(s)∫ ∞

s
f (σ ) dσ

.
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Then the solution u∗(x, t) of problem (2.106)–(2.108) for λ = λ∗ is global-in-time.
Moreover,

lim
t→∞ u∗(x, t) = ∞ for all ∈ (−1, 1),

and u∗
x (±1, t) → ∓∞ as t → ∞, i.e. u∗ blows in infinite time (diverges) globally

in x .

The proof of Theorem 2.2.7 is very lengthy and thus we omit it here, however it can
be found in [27], where also a divergence result for the radial case is proven.

An analogous divergence result to Theorem 2.2.7 for the case of a non-constant
thermal conductivity κ(u) is given in [33].

Closing the current chapter we would like to specify that the following non-local
parabolic equation

ut = ∇ · (κ(u)∇(u)) + λ f (u)(∫
Ω

f (u) dx
)p , x ∈ Ω, t > 0, (2.125)

where p �= 2 can serve as a mathematical model for a variety of industrial processes.
In particular, for p ≤ 1 (2.125) can be used to describe the torsion test in metallurgy
where finite-time blow-up is now associated with the phenomenon of shear banding
formation, [6, 7].

For some finite-time blow-up results for Eq. (2.125) associated with different
boundary conditions see [5, 7, 19, 25, 43] where a variety of methods are employed.
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